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Microwave nonlinearities are important features of superconducting thin films that might limit their applicability. This is the case in high-temperature superconductors ͑HTS͒, whose use in wireless and other communication systems is limited, among other factors, by this type of nonlinearity. 1 Microwave nonlinearities are enhanced when there are high current densities in the superconductor, and are most prominent in planar resonators in which magnetic field wraps around a thin superconducting film. 2 There is a widespread agreement to attribute the nonlinearities to a dependence of the surface impedance on the local magnetic field or, equivalently, on the surface current density. 3 There is concern regarding the possible effects of patterning superconducting films on the nonlinear behavior of the resulting planar devices, especially when considering intermodulation distortion ͑IMD͒. Besides the obvious technological implications in device fabrication, this could also affect basic studies that use the IMD of patterned resonators to probe the properties of superconductors. 4 Measurements of third-harmonic generation made on planar HTS lines of various cross sections 5 suggest that etching in HTS has a limited effect on IMD, but to completely rule out these effects, a study similar to Ref. 6 should be made. That work compares nonlinear measurements of cavities with superconducting films used as endplates with measurements of planar devices fabricated with the same films, and finds that the power dependence of the microwave surface resistance is unaffected by the patterning process. To extend such work to IMD and rule out the effects of patterning on this type of distortion, it is necessary to relate the results of a cavity IMD measurement with the properties of the superconducting film. In this letter, we address this by describing a method to calculate the power of the intermodulation products coupled out of a cavity with one or two superconducting endplates, and show experimental results that verify the method.
We assume that we have a cavity, which might be dielectric-loaded as those in Refs. 6 and 7, in which one of the endplates is made of a superconducting material and the other is a normal metal. We also assume that the electric field on the superconducting endplate will be a superposition of that produced by the small-signal surface impedance of the material plus an additional component that will depend on the surface current density j s through the equation:
where ⌬R ␣ , ⌬L ␣ , and ␣ are parameters that characterize the nonlinearities of the superconductor. This field accounts for the departure of the surface impedance from its small-signal values, which can be quantified by the parameters ⌬R s and ⌬X s . 8 These parameters can be related to the nonlinear field e NL by assuming that the surface current j s is sinusoidal ͓ j s ϭJ s cos( 0 t)͔, and finding the ratio between its amplitude and that of the fundamental of the electric field:
Thus, the equation for e NL above can be made consistent with studies claiming that the reactive nonlinearities are dominant in the generation of intermodulation product 9-11 by making ⌬R ␣ sufficiently small. Equation ͑2͒ can also account for a quadratic or linear variation of the inductance ͑or ⌬X s ) with current density J s , as predicted for intrinsic nonlinearities in HTS 10 (␣ϭ2), or for nonlinearities due to other effects such as Josephson vortices 11 (␣ϭ1) . If the cavity is at resonance, the current density on the superconducting film will be j s (r,t)ϭA(t) f (r)û (r) where f (r)û (r) is the spatial distribution of the resonant mode, and A(t) is its time dependence, which is A(t)ϭ j 1 cos 1 t ϩj 2 cos 2 t for the case of a two-tone intermodulation experiment. Combining the equations for e NL and j s (r,t) we find that the electric field at 2 1 Ϫ 2 on the endplate is given by:
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Note that, as shown in Fig. 1 , T 2 1 Ϫ 2 ( j 1 , j 2 ,␣) only depends on ␣ when the amplitudes of the two signals at 1 and 2 are kept balanced ( j 1 ϭ j 2 ). Note also that Eq. ͑3͒ can be written as
is the spatial dependence of the electric field on the endplate. This field will excite several modes in the cavity, among them the mode at which 1 and 2 resonate. This particular mode has a magnetic field on the surface of the superconductor whose spatial distribution is f (r); that is,
, where v (r) is a unit vector parallel to the surface and perpendicular to û (r). To determine H 2 1 Ϫ 2 , we balance the power generated at the surface at 2 1 Ϫ 2 with the power that is dissipated in the cavity or coupled out of it; that is,
where the integral is done across the surface of the superconductor, W is the energy stored in the resonator, and Q L is its loaded Q. Equation ͑5͒ can be transformed to
where W 0 ϭW/͉H 2 1 Ϫ 2 ͉ 2 . The value of H 2 1 Ϫ 2 follows from Eq. ͑6͒:
where
Equations ͑4͒, ͑7͒, and ͑8͒ contain all the necessary information to calculate the power of the intermodulation product coupled out of the cavity from the available power of the sources producing the signals at 1 and 2 . All that is needed are the nonlinear parameters of the films (⌬R ␣ ,⌬L ␣ ,␣), the field distribution in the cavity ͓W 0 and f (r)], its quality factor Q L , the proportionality factor between the power available at 1 and j 1 2 ͑which is the same as that relating the power available at 2 and j 2 2 ), and the proportionality factor relating ͉H 2 1 Ϫ 2 ͉ 2 and the power delivered to the instrumentation at 2 1 Ϫ 2 . Except for ⌬R ␣ , ⌬L ␣ , and ␣, all these can be calculated using standard techniques for cavity analysis. Note that, since T 2 1 Ϫ 2 ( j 1 , j 2 ,␣) only depends on ␣ when j 1 ϭ j 2 , Eqs. ͑7͒ and ͑8͒ imply that the power of the intermodulation products will grow with a slope ␣ϩ1 with respect to the power of the sources at 1 and 2 . Thus, our analysis is consistent with studies on HTS nonlinearities, 10, 11 which claim that this slope is 3:1 when there is a square-law dependence of the inductance with the current density (␣ ϭ2), and 2:1 when this dependence is linear (␣ϭ1).
This calculation is easily extended to the case in which two superconducting endplates are used if the mode is such that the current distribution on both endplates is identical ͑as is usually the case in HTS measurements 6, 7 ͒. The integral in Eq. ͑5͒ has to be carried over the two endplates, and E 2 1 Ϫ 2 will be different in each integrand, reflecting the nonlinearities of the two films being tested. Therefore, the total value of H 2 1 Ϫ 2 can be obtained by applying twice the formulas for a single superconducting endplate and summing the resulting values of H 2 1 Ϫ 2 .
To check the procedure, we have measured two state-ofthe-art Y-Ba 2 -Cu 3 -O 7Ϫ␦ ͑YBCO͒ samples produced by a commercial supplier ͑Theva͒. The YBCO films, 700-nm thick, were deposited onto 10ϫ10 mm 2 MgO substrates with a thickness of 0.5 mm, and were used as delivered, with no further processing on our part. The resonator used was similar to the one described in Ref. 7 , with a rutile cylinder 4 mm in diameter and 3 mm in height. We made one-port IMD power measurements using copper in one of the cavity endplates and a YBCO film in the other. These measurements were done with a setup in which a spectrum analyzer is used to measure the signals going out of the resonator and in which, in the case of critical coupling, there is high isolation between the spectrum analyzer and the sources producing the signals at 1 and 2 . Testing was done in direct liquid nitrogen immersion to avoid thermal effects in the IMD. We could not measure any change in Q or resonant frequency with source power. This is consistent with the maximum values of ⌬R s and ⌬X s that result from Eqs. ͑1͒ and ͑2͒ when IMD power data is fitted to our model and either dominant resistive nonlinearities ͓⌬R ␣ ӷ⌬L ␣ , see Eq. ͑3͔͒ or dominant reactive nonlinearities (⌬R ␣ Ӷ⌬L ␣ ) are assumed. We will hereafter assume that reactive nonlinearities are dominant [9] [10] [11] can be inferred.
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To further verify the model, we also made IMD measurements with both films in the resonator, and compared them with the calculations made using ⌬L ␣ and ␣ extracted from the previous measurements. Figure 2 shows the results in which measurements ͑points͒ are compared to calculations ͑lines͒, showing that the IMD of the resonator with two HTS films can be predicted from that of the two resonators having one HTS film and a copper endplate ͑i.e., there is no direct data fitting done in Fig. 2͒ .
In conclusion, we have shown how to relate the results of an intermodulation measurement in a cavity with the nonlinear parameters of a superconducting film ͑not necessarily HTS͒ for the case in which the nonlinearity can be assumed to arise from a stray electric field at the surface whose dependence on current density follows the equation
A similar technique can be used to extend this work for other types of nonlinearity, or to consider the case where both the resistive and reactive parts of the nonlinearity play a role in the IMD, but they follow different dependences on j s . The experimental verification of the method reveals differences in IMD performance between two nominally identical films supplied by the same vendor, which proves the need to use methods of nondestructive IMD screening of the films like the one described in this work.
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FIG. 2.
Results of measurements and calculations for a rutile resonator with two superconducting endplates where Q 0 ϭ80 000 and Q L ϭ17 000. Circles represent the measured power of the intermodulation product at 2 1 Ϫ 2 as a function of the source power when the power of both sources was increased simultaneously. Squares and diamonds represent the measured power of the intermodulation products at 2 1 Ϫ 2 and 2 2 Ϫ 1 respectively, as a function of the source power at 1 when the power of the source at 2 was kept constant ͑3 dBm͒. The lines in the figure are results of calculations performed with parameters obtained from measurements were only a single HTS film was used in the resonator, and the other endplate was a normal metal ͑OHFC copper͒.
